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ඥ࢈ࢉ(࢙ − ࢇ) + ඥࢉࢇ(࢙ − ࢈) + ඥࢇ࢈(࢙ − ࢉ) ≤ ૜ࡾ√࢙ 
Proof 1 by George Apostolopoulos-Messolonghi-Greece, Proof 2 by Serban 
George Florin-Romania , Proof 3 by Soumitra Mandal-Chandar Nagore-India 
Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia, Proof 5 by Martin 
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Proof 1 by George Apostolopoulos-Messolonghi-Greece 
From Cauchy – Schwarz Inequality, we have 
ቀඥ࢈ࢉ(࢙ − ࢇ) + ඥࢉࢇ(࢙ − ࢈) + ඥࢇ࢈(࢙ − ࢉ)ቁ૛ ≤ 
≤ (࢈ࢉ + ࢉࢇ + ࢇ࢈)(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − ࢉ) ≤ (ࢇ૛ + ࢈૛ + ࢉ૛) ⋅ ࢙ ≤ ૢࡾ૛ ⋅ ࢙ 
Namely: 
ඥ࢈ࢉ(࢙ − ࢇ) + ඥࢉࢇ(࢙ − ࢈) + ඥࢇ࢈(࢙ − ࢉ) ≤ ૜ࡾ ⋅ √࢙ 
Equality holds when the triangle is equilateral. 
Proof 2 by Serban George Florin-Romania 
෍ඥ࢈ࢉ(࢙ − ࢇ) ≤ ૜ࡾ√࢙, ࢙ = ࢇ + ࢈ + ࢉ
૛
 
ቀ෍ඥ࢈ࢉ(࢙ − ࢇ)ቁ૛ = ቀ෍√࢈ࢉ ⋅ √࢙ − ࢇቁ૛ ≤࡯࡮ࡿ ቀ෍√࢈ࢉ૛ቁቆ෍√࢙ − ࢇ૛ቇ = = (ࢇ࢈ + ࢈ࢉ + ࢇࢉ)(૜࢙ − ૛࢙) = ࢙(ࢇ࢈ + ࢈ࢉ + ࢇࢉ) 
⇒෍ඥ࢈ࢉ(࢙ − ࢇ) ≤ √࢙ ⋅ √ࢇ࢈ + ࢈ࢉ + ࢇࢉ ≤ ૜ࡾ ⋅ √࢙ 
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⇒ √ࢇ࢈ + ࢈ࢉ + ࢇࢉ ≤ ૜ࡾ ⇒ ࢇ࢈ + ࢈ࢉ + ࢇࢉ = ࡾ૛ 
ࢇ࢈ + ࢈ࢉ + ࢇࢉ ≤ ࢇ૛ + ࢈૛ + ࢉ૛ = ૛࢖૛ − ૛࢘૛ − ૡࡾ࢘ ≤ ૢ࢘૛ 
⇒ ૛࢖૛ ≤ ૢࡾ૛ + ૛࢘૛ + ૡࡾ࢘ 
GERRETSEN ࢖૛ ≤ ૝ࡾ૛ + ૝ࡾ࢘ + ૜࢘૛| ⋅ ૛ 
૛࢖૛ ≤ ૡࡾ૛ + ૡࡾ࢘ + ૟࢘૛ ≤ ૢࡾ૛ + ૛࢘૛ + ૡࡾ࢘ 
⇒ ࡾ૛ ≥ ૝࢘૛ ⇒ ࡾ ≥ ૛࢘  (Euler) 





ඥ(ࢇ࢈ + ࢈ࢉ + ࢉࢇ)(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − ࢉ) 
= ඥ࢙(ࢇ࢈ + ࢈ࢉ+ ࢉࢇ) ≤ ૜ࡾ√࢙	[∵ ࢇ࢈ + ࢈ࢉ + ࢉࢇ ≤ ૢࡾ૛] 
Proof 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
ࡸࡴࡿ ≤ ࡾࡴࡿ| ⋅ ૛√࢙ 




૛ ⋅ ඥ࢈ࢉ ⋅ ࢙(࢙ − ࢇ)
࢈ + ࢉ = ෍(࢈ + ࢉ)
ࢤ








a) ∑(࢈ + ࢉ)૛ = ૛ ⋅ (∑(ࢇ૛ + ࢈ࢉ)) ≤ ૝ ⋅ ∑ࢇ૛ ≤ ૜૟ࡾ૛ 
b) ∑ ࢒ࢇ૛ = ∑ቀඥ࢙(࢙ − ࢇ)ቁ૛ = ࢙(࢙ − ࢇ + ࢙ − ࢈ + ࢙ − ࢉ) = ࢙૛ 
(*); a); b) ⇒ 
෍(࢈ + ࢉ) ⋅ ࢒ࢇ ≤ ඨ෍(࢈ + ࢉ)૛ ⋅෍ ࢒ࢇ૛
ࢤࢤ
≤ ඥ૜૟ࡾ૛ ⋅ ࢙૛ = ૟ࡾ ⋅ ࢙ 
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